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1 Introduction

In this paper, we will prove a local energy estimate which is applicable for the case of a
damped wave equation.

We define the following: the wave operator [ = 97 — A, the angular derivative Y =
V — 20,, the “Japanese bracket” (z) = y/1+ |z|?, and dyadic regions Xy = {(t,z) : U <
(t—r) <2U}.

Theorem 1.1. For a function u € C*(Ry x R3), where for all T > 0 there exists some
R > 0 such that |u(t,z)| =0 for all t € [0,T) and |z| > R, and for positive constant a and
constant p such that 0 < p < 1,
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This estimate is based on an estimate which was previously proven in [5, 3] and used
methods from [2] and [1], and was used in [5] to show global existence for a system of weakly
null semilinear equations.

To prove that a solution exists one must show that a sequence converging to it is bounded
and Cauchy in some norm. Therefore such proofs require a certain “smallness” of the system



to be demonstrated, i.e. that the system decays over time and space. Estimates, such as
the one in [5, 3], show certain quantities are bounded, and are thus used to demonstrate
“smallness” of the solutions in existence proofs.

The new estimate in this paper expands on the previous one by taking into account
the effects of damping. Damping forces are a source of decay, decreasing the amplitude of
waves over time. Therefore we expect it to be easier to demonstrate sufficient “smallness”
of damped wave systems, and anticipate the damped wave estimate to be an improvement
from the original. In fact we do recover an improved bound on the damped wave. This has
applications to existence proofs for damped wave systems.

In our calculations, we will prove the estimate with a constant factor on the damping
force. We will examine the case of the undamped system, where the constant is equal to
zero, to recover the original estimate in [5, 3]. We will then compare it to the case of the
damped system, where the constant is equal to one, and discuss the improvements to the
lower bound that appear.

2 Background

2.1 The Wave Operator
The wave operator, also called the d’Alembertian, is defined by
O=0-A

where A is the Laplacian. The d’Alembertian operates on a function u(¢, ) where ¢ is time
and restricted to R, and x is a real vector in n-dimensional space. For this paper we will be
dealing only with n = 3. The function u is assumed to be twice continuously differentiable,
or C2.

The homogeneous wave equation Ou = 0 represents the case of a free wave in a flat
geometry. Terms on the right-hand side correspond to forces applied to the system. In this
paper, we examine the case where the force applied is a damping force.

An example of a damping force is drag, which slows an object down as it moves through
a medium. Waves in three dimensions disperse and reduce in amplitude over time; for
damped waves, the amplitude is further reduced by the damping force. Damping is usually
modelled as a force that is proportional to and opposite velocity, so it is represented by a
linear term which we add to the wave operator:

D—!—a@t.

When the wave operator acts on a function u, it can also be helpful to define it in terms
of two operators: the radial derivative 0, defined by ¥ -V, and angular derivative Y defined
via "

V:;&+W
which is an orthogonal decomposition of the gradient into a radial component and an angular
component. This orthogonality is demonstrated by
x LA ° 2 x;
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In the following calculation, we will rewrite Ou in terms of the radial and angular deriva-

tives.



Lemma 2.1.

Ou=r"" (af(ru) — af(ru) —-Y- W(ru))

Proof. We begin with the definition of the wave operator and expand the gradient into radial
and angular components:

Ou = 0%u — (%87, +V¥)- (gar +Y)u
x x x

= fu—(0,)- (Co)u—(50,)- Yu=-V - (Z0,)u— ¥ - Vu.

The vector £ is a unit vector and thus independent of radius, so it will commute with 0.

Using the fact that x - 2 = r2, the second term can be simplified.
9 5 x x

= 0ju— O-u— (;&) Yu-Y - (;&)u— Y - Yu.

Next we calculate the third and fourth terms. By (1), the third term is
x x
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and the fourth term is
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Combining these terms together gives

2 2 2

Ou = 07u — 0*u — ~0pu — Y - Yu.

r

Then we write u = r~1ru to yield
2 2 2 -1
Ou=(0f —02—=0, -V -Y) (r'ru)
T

= 8?(7“_1 ru) — 83(7“_1 ru) — %&(r‘l ru) — Y - W(r‘l ru). (3)



The partial derivative with respect to time 8, is independent of spatial variables, and !
can be pulled out of the first term

02 (r~tru) = r 1 9} (ru).

The angular derivative is also independent of radius, which is demonstrated below:

1

T ] T
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1 as a function of only r, can be pulled out of the angular derivative term of

Y-V tru) = =Y - V(rw).

Now we expand the second term of (3),

Therefore r—
(3) as well:

—2(r ' ru) = =0, (0-(r~ " ru))
= =0, (—=r2(ru) + 77 0, (ru))
= —2r 2 (ru) + r720.(ru) + r 20, (ru) — v~ 92 (ru)

2 2
= —T—S(ru) + T—Qar(ru) —r 192 (ru)

as well as the third term,

20,67 ) = = (=) + 1710, (ra)
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Substituting all pieces back into (3), we notice some like terms which can be cancelled,
completing the proof:

Ou=r"1 (af(ru) — 9%(ru) - Y - W(ru)) )
|

We will also prove a useful result for the commutator of the angular derivative Y with
the radial derivative 9,.

Lemma 2.2. .
[W7ar} = [vva'r‘] = ;V

Proof. We begin by computing

[W7 ar} = War - arv
:4v—§@wr4mv—§@)

X

= VO, — “02 — 0,V + 0.(Z9,).
T T



The vector £ is always a unit vector, and is thus independent of radius. Therefore = can

be pulled out of the radial derivative in the last term:
— Vo, — Lo2 —9,v + Lo?
r r

=V, — 0,V =[V,0,].

To calculate the commutator of the gradient and radial derivative, we will examine one
component of the gradient

[Vj, 87] = [awjaar} = axjar - arawj
and let it operate on a function u
V5, 0w = Oa, (9 u) = Oy (O w) -

We will rewrite the radial derivative 0, as Z L0y,
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The partial derivative will be different depending on whether or not j = n. We divide
the sum into two parts

O, () Orju+ 300, () O, u
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and then can recombine the second and third term into one summation
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Using the definition of the angular derivative, this becomes
1
= — U
r v

which completes the proof.



2.2 Local Energy Estimates

The estimate in [5, 3] and its extension in this paper are both local energy type estimates.
The energy of a wave is defined as

Blult) = 5 [ '(t.)Pde = 5llu'(t o)

where v’ is the vector (O;u, Vu).

A basic example of an energy estimate is conservation of energy. For the homogeneous
wave equation, with no external forces acting on the system, no work is being done. There-
fore we expect energy conservation, meaning that the energy at any time 7 is equal to the
energy at time 0.

Theorem 2.3. For the three-dimensional homogeneous wave equation Cu = 0, assuming
that for all T > 0 there exists some R > 0 such that |u(t,z)| = 0 for allt € [0,T) and
|x| > R, energy is conserved. Le., for any time T > 0,

Elu)(T) = Elu)(0).

Proof. We start with the integral

T
0:/ / Ou Oyu dxdt.
0o Jrs

Intuitively, the reason for including the 0;u multiplier is that conservation of energy cor-
responds to time translation symmetry. In various estimates we will see multipliers which
take advantage of specific symmetries.

We expand the above equation to obtain

T
O:/ / Ou Oyu dxdt
0o Jrs
T
- L

T 3 T
:/ 8fu6tuda?dt — Z/ 3§‘u6‘tudxdt.
0o Jr3 —Jo Jrs

On the second term we will integrate by parts on 0,,, noting that d,, and 0; commute:

T 3 T
:/ / 8t2u3tuda:dt—|— E / / Oy, 0 010y, u dxdt.
0 R3 i—1 0 R3

d(v)? to obtain

3
OPu — Z aii u] Oru dxdt

i=1

These can be re-written using the chain rule relation v dv = %

T 3
- % / / [@t(atu)Q + Z at(amu)ﬂ dxdt,
0 JR? i=1

which, by the Fundamental Theorem of Calculus, is

=5 [ W (ta)Pdsly = BRT) - Bl
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We modify this calculation to demonstrate loss of energy in the damped case.
Theorem 2.4. For the three-dimensional wave equation (O + ad;)u = 0 where a > 0,
assuming that for all T > 0 there exists some R > 0 such that |u(t,z)] =0 for allt € [0,T

and |x| > R, then for any time T > 0,
Eu](T) 5 E[u](0).

Proof. The calculation is similar to that of the free wave, but an additional term is intro-
duced,

T
0= / / (O + ady)u Oy dzdt
0o Jrs

T
= Eu)(T) — Eu)(0) + a/o /R3 (Opu)? dadt

T
— B[(T) +a / / (Oyu)? dzdt = E[u] (0).
0o JR3
The integral is a non-negative quantity, and therefore we show that
= El(T) < Elul(0).

This example explicitly demonstrates how damping introduces additional decay to the
solution.

2.3 f(r)-Weighted Estimate

We will now examine an estimate which has some function f(r) as a weight, and look for
what qualities the function should possess to return a helpful estimate. We will see later in
this process that the case of f(r) = 1 returns a well-known result.

Theorem 2.5. For the three-dimensional homogeneous wave equation Ou = 0, assuming

that for all T > 0 there exists some R > 0 such that |u(t,z)| = 0 for allt € [0,T) and
|z| > R, then
2
_1
i, 5 20

and, for spacetime regions Ar = {(t,z) : R < (z) < 2R},

P 2

The first result is known as the Morawetz estimate [6], while the second result is found
in [4] and [7].

sup
R

+ sup
r2r2(ag) R

Efu](0).
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Proof. We begin with the following integral,

T 1
/ f(r)Ou <8T + )udmdt.
0 R3 r

This calculation will result in many terms, and our goal will be to put them in forms which
are of a known sign. This will allow us to more easily manipulate the final inequality.
Expanding the [0 operator yields

/ (82u Z 82.u [a u+ 1u] dxdt. (4)
R3 =1

We will examine the first term, which evaluates to

//RSaQ[ au+f()}dxdt

:/Rg’atu [f( )0y u—i—u] d;zc‘o / /Rgatu[ r)0rOsut —i—@atu dxdt

:/ f(r)@tuarudﬂo +/ f—uatudm}o
—f/ f(r)0,(0pu)? dadt — / fr )(8t )2 dadt.
R3 R3

r

On the third term, we convert to spherical coordinates so that we can perform integration
by parts on 0,:

—f/ / / Or(Opu)? drdwdt
SQ
/ // 8tu drdwdt + — / // 3tu drdwdt
S2 S2

_ flr /
— /0 9 T(atu)dedt—i— 3 /0 Rsf (r)(u)? ddt.

Now we have for the first part of the calculation that

//82 [ Bu-i-f()u} dxdt =
R3
T
/ f(r)0rud, udx’o / 815 dx ’0 /0 5 f'(r)(0pu)? dadt.

The second term of (4) is
3 T 1

_ Z/ / 02 u f(r) [arqu u} dedt
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Using the fact that 0,,r = 7*, we obtain

= Z/ / O, u [ 6 u+ f(r )31.1.8,.114—f/(r)%%zH—f(r);—;%zH— fgnr)&”u] dzxdt,

and use [9,,0,] = 1Y, from Lemma 2.2 to then get

/ R3f )(Oru) dwdHZ/ /amuf {88m1u+ Wu] dadt

/ f(r u@ru dxdt + / ) ua udzdt + / J) |Vul|? dedt
R3 R3

r

/ /(1) (Opu)? dadt + = / fr T|Vu\2dxdt+/ Vu Vu dxdt
R3 R3 rR3 T

/ fr 8Tu2 dxdt — f/ f(r) (9 u? dxdt —|—/ )|V |? dzdt.
R3 2 0 R3 r
()

The third term of this expression contains
x
Vu-Yu==0,u-Yu+ |Vul?
r

whose first term vanishes, as is seen in (2). Therefore the term becomes

T
/ M|Y7u|2 dxdt.
0 rR3 T

On the second, fourth, and fifth terms of (5), we convert to spherical coordinates to
perform integration by parts on 0.

1 T
L / F(r) 0, |Vl dardt
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s2 52
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_;/OT } f(r):28Tu2dxdt:—l/T /S /Oo F(r)0yu? drduwdt
/ . f(0 dwdt—i— / /S . / f u drdwdt
- /O [ 1O)u(.0)? dwit + 5 /O 3 %w dudt

When we substitute these expressions back into (5), many terms cancel. The result is

3 T
- Z/ / 2 uf(r) [aru + 14 dxdt
i 0 R3 T
' T 1 T
- / £ () (0u)? dadt — / £Vl dedt
0 R3 R3

Tl f0) g e 1 I'(r) 2
+/O [ L v v 2/0 [ a5 / [ 1O, 02 duat.

Now we will combine both pieces of (4) together,
1 /7
/ F(r)0pud,udzl) + / Muatu dz|] + 7/ £ (r)(8pu)? dzdt
R3 0 rR3 T 0 2 0 R3

T L Trf)
! 2 , 9 ,
Jr/o R3f (r)(Oru)” dxdt — 5/0 Rsf (r)|Vul da:dt+/0 /Ra T‘VM dadt
T 1" T
- %/o /]Ra fT(T)uQ dzdt + %/O " F(0)u(-,0)? dwdt

and use |Vu|? = (0,u)? + |Vu|? to further simplify:

0—/ f(r 8tu3udx|0 /f uOyu dz |0 / f'(r)(Bpu)? dadt
R3

/ . 1 (r)(0pu) dmdt+/ /}R3 ( (7")) \Vu|? dadt
- f/ /11&3 G u dxdt + - / ng ,0)2 dwadt.

We want to show the time boundary terms are bounded by energy, and therefore would
like the function f(r) to be bounded. We also want the rest of the terms to be positively
signed. This requires f(r) to be twice continuously differentiable, have a non-negative first
derivative, a non-positive second derivative, and for @ — % f/(r) > 0. Assuming these
qualities, we begin to manipulate the above equation into our desired inequality,

/ f(r)0sud, udm‘o f( ) udx ’0 / f'(r)(0pu)? dadt
R3 R3

2 Judt—~ f'(r) o
A s J'(r)(9ru) dxdt—kA /RS ( (7’)> |Vul|? dzdt 2/0 g w2 dxdt

r

1 T
_ _7/ FO)u(-,0)? dwdt <0,
2 0 S2
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which implies
e e
7/ f(r)(Bpu)? dmdtJrf/ / f'(r)(8pu)? dadt
2 0 R3 2 0 R3

+ /OT /11%3 (fi?“) - ;f’(T)) |Vul? dedt — ;/OT /RS L;(T)UQ dxdt
< T f(r)
S /]1@3 f(r)owudru d:v|0 +/]R3

—udyu
T
The function f(r) is bounded and thus f(r) may be dropped from the right-hand side,
yielding

</

dx|§.

atu(T,~)8ru(T,~)’dx+/RB

o,
R3

For any arbitrary fixed time ¢, by the Cauchy-Schwarz inequality we have

/R3 atu(t-)aru(t,-)’dx < (/Rs(atu(t,.))?dxf </Rs(aru(t’.))2 dx)
= </Rg(3t“(fv>>2dw>% (/R IVu(t,~)2<ix>é < </R3(u’(t,-))%«)é </Rg(u’(t,~))2da:>%

= Eu](1).

(0, -)0ru(0, )‘dm

u(T,-)

u(0, )

8yu(0,-)| dz.  (6)

Opu(T, )’ dx + /
R3

Using the Cauchy-Schwarz inequality as well as the Hardy inequality, stated below,

r

we may show

Nl
ol

dz < (/Rs u(i72')2 dx) (/Rs(atu(t, )2 dx)

< ([@utara) ([ @utora) < suw.

Then (6) is bounded by energy terms, which are further bounded by initial energy due to
conservation of energy,

-

< 2E[u)(T) +2 E[u)(0) < Elu)(0)
and our estimate is

2 2

P20 4|20
L2L L2L ) )
fr) 1, N7 —1"(r)\*
+ ||(T—2f(r)> Yu . + < . > u . < E[u](0). (7)

11



Let us now look at potential f(r) functions to use. The traits we want are that f(r) is
bounded, twice continuously differentiable, has a non-negative first derivative, a non-positive
second derivative, and @ —3f'(r)=>0.

Trivially, let f(r) = 1. This returns a result called the Morawetz estimate [6]:

2
1
2 <
[r=v| |, , S B0
For a less trivial example, we propose the function
fr) =
where R is defined on spacetime regions

Ar ={(t,x): R < (z) < 2R}.

T

r+ R

Xgr-regions

time

space

Figure 1: Shaded Ag-regions of spacetime.

The function f(r) is bounded above by 1. Its first derivative

, R
fir) = (r+ R)?
is positive for all » > 0, while its second derivative
. —2R
fr(r) = 1R
is always negative on the same domain. To see it meets the final requirement, we calculate
r 1 1 r 1 R
0= s
1 1 R
T r+R 2(r+R)?
r+ %R
- (r+ R)?

12



which is always greater than 0.

In order for this estimate to give a useful result, we would like to bound f’(r) and the
quantity @ — % f'(r). To do this, we examine the function on individual Ag regions. On
such regions,

. R R 1
F0) =G RE~ R+ RE~R

and fry 1 'R 1 1

r , T+ 3 1

P LA Rl oy R g s

This allows us to combine the first three terms of (7) to
2

u'(t, )
sup T .
R ()2 L2L2(AR)
On Xg regions # is also bounded,
—f"(r) B 2R > 2R > i
r o r(r+R)3 "~ R(R+ R)> ™~ R3

yielding the final result

2 2

u'(t, )

()

sup E[u](0).

R

-+ sup
r212(4p) B

NI

N8
()2 L2L2(AR)

2.4 “Ghost” Weight

For the main estimate of this paper, we will want a weight that serves a similar purpose to
the f(r) function above, but that is a function of (¢ —r). Using a method introduced in [1],

we construct the function
—o(t—r)

e
where -
o(z) = EEY;
and U is some constant. Then:
' (z) = L
(Iz[ + U)?

Because it is a function of (¢t — ), all 9; + 9, derivatives will vanish. It also has the quality
Oo(t —r)=—0.0(t—r).

Similarly to the f(r)-weighted estimate using restrictions to A p-regions of spacetime, e?-
weighted estimates must be restricted to certain regions of spacetime so that its derivative
is bounded below. We define Xy regions of the domain by

() U < (t—1) <20} ®)
where () = /1 + |z]2.
This allows us to bound ¢’(t — r) on Xy-regions, because
U 1

(R —
U = T ror ~ T

13



Xuy-regions

time

space

Figure 2: Shaded Xy -regions of spacetime.

3 Lemmas

The following section includes some results that will used in the main proof.

In the above calculation of the f(r)-weighted estimate, the integral had a multiplier of
(0r + %)u In our main estimate we will have a multiplier similar to this, which we will want
to write in terms of (ru) instead of only w.

Lemma 3.1.

<8t + 0, + i) uw=r""(8+9,) (ru)

Proof. We begin by evaluating (9; + 0,)(ru) using the product rule,

(Ot +0r)(ru) =7 (O + Or)u+u (0 +0r)r
=r(0+ 0 )u+u
= (ros + 1o + 1) u.

Now we multiply both sides by 7~! and obtain the final result:

r=L (9, + 8,) (ru) = (at 0, + i) u.

The next lemma is for integration by parts with the angular derivative.

Lemma 3.2. For function u € CY(Ry x R3) where there exists R > 0 such that u(t,z) = 0

for all |z| > R,
/qudx:—/Wuvdm—i—/ (2> Euvdgc.
r)r

Proof. Begin by examining just one component of the left side

/uVjvdzzr = /u@wjvdz—/u%&nvdx. (9)

14



On the first term perform integration by parts. There are no boundary terms by hypothesis,

and we have
/u@xjvdx = —/&Ejuvdx.

On the second term, substitute 0, = 2?21 #10,,, then integrate by parts on the 0,,. Again,
there are no boundary terms.

3
_/u%arvdxz —Z/u% (%896) vdx
—Z/Bwl um—Jﬂ vdx
3
/%8 vdm—&—Z/@L xsz uvdz.

Combining these two pieces, we have that (9) is equal to
x; > x;m;
— Z7 Jri
/8Ijuvdx+/ . Oruvdx + i§=1:/3%_ ( - ) uvdx
> x;x;
*f/Vj(u)vdz+ E /&67( ]21) uvde.
T
i=1

We examine the last term. Expanding with the product rule and making the substitution
Oz, 7 = 7+, we obtain

3

Za x]zz _Z 5ijzi+ﬁ_2zjxi&
i N 72 72 r 7
i=1
=-24+3-2 -2
T r r
T
_27;’
r

which yields that (9) is equal to
2 Jij
quv dr = — Wjuv dx + - 7uvdw.

Corollary 3.2.1.

/uW-Wvdxz—/Wu~Vvdm

15



Proof. By Lemma 3.2,

/uW Yods = — /Wu Wvdx+/( ) Yvds = — /Wu Yo ds

where the second term vanishes by the orthogonality demonstrated in (1).

The next lemma is referred to as “bootstrapping.”
Lemma 3.3. If b> < CA + Cab where C is a constant, then b*> < A + a?.

Proof. Begin by observing the following about two numbers x and y.

0< (z—y)*=a®—2zy+y’

1
= ay < 5(932 +y%)

Let b2 < CA + Cab,

b2<CA+Cab—CA+C(\[) (Veb)

and let z = (%) and y = (y/eb). Then
\/E

2
b2 SCA+% (a+662>
€

C C
2 v < ~ o2
b (1 26) CA—|—2€a

Fix e = % Then
b2 < 20A + C?a?

and we conclude the proof
b2 < A+d

Finally, we prove Lemma 2.2 of [5].

Lemma 3.4. For a function u € C?(Ry x R3), where for all T > 0 there exists some R > 0
such that |u(t,z)| =0 for allt € [0,T) and |x| > R, and for constant p such that 0 < p < 2,

=1 1 |I? p=l 1 2 =l 2
H(T) z 7 u‘ Lopo < H(r) T 7 2u(0,.)‘L2+H<T> = (8t+5,,)(ru)HL2L2.

Proof.

/()T/H§3(1+TZ> u? dudt = / /RBlJrrPl&tJra)()udxdt
:_/ /S/O (1+1)P~1(0, + 8,) C) (ru)? drdwdt

16



We perform integration by parts on (9; + 9;),

_/s2 /000 W(ru)2drdw|§+(p—l)/oT/S2 /000 (liﬂﬁ(rufdrdwdt

T 0o
+ 2/ / / (14 7P u (0, + 8,)(ru) drdwdt
0o Js2Jo

and rearrange terms to yield

/oT /R (1172)%1# drdt + /R %(U(Ta )’ da

:/RaW(u(07~))2dx+(P—1)ATASW(u)Qd:cdt

T (1+7r)p~t
+ 2/0 /]RB 3 (0¢ + Or)(ru) dadt. (10)

The second term is positive and will be dropped from the left-hand side. On the last term
we use the Cauchy-Schwarz inequality to show

T p—l
2 / / %u(@—i—@)(ru)dwdt
0 R3

<2 (/OT/R Wuzdxdt>% (/OT/R(”) (% + 0,)(ru))? dwdt)Q.

The first factor in the right-hand side resembles the left-hand side of (10), therefore we use
Lemma 3.3 to “bootstrap” it. Finally we use the fact that ﬁ < % to show the second to
last term of (10) is bounded,

p_1>/OT/RSW(u)%xdtgp—u/ffwW(u)zdxdt

and can be subtracted over to the left-hand side. This gives the final result

(1
1—|p—1|/ / +T L2 dudt
R3

N/R3 1+T)p 1( dx++/ /11@3 1+T (8t+8r)(ru))2 dxdt

r

where by the restriction on p the coefficient (1 — |p — 1|) is some positive number and can
be dropped.
]

4 Main Estimate

We will now prove main estimate of the paper, Theorem 1.1.
In the case of no damping, a = 0, we will recover the previously proven estimate [5, 3],
and in the case of damping, a > 0, we see an improved bound.
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Proof. We start by evaluating the integral

T
/ / (14 r)Pe ) (04 ady) u (at + 8, + 1) wdadt.
0 R3 T

In Section 2.3, we proved an estimate with a multiplier of the function f(r), then deter-
mined which features this function should have. Here the (1 4+ 7)Pe~?*~") serves a similar
purpose. The rP-weight method was introduced in [2], while the e? “ghost weight” method
is from [1]. The 0; + 0, is a “good derivative” multiplier, that is, it takes advantage of wave
decay in the t 4 r direction, and the % is to cancel out some other terms. Just as in the
f(r)-weighted estimate calculation, our goal will be to put each term into a form which has
a known sign.

To begin, we will rewrite the integral in terms of (ru) using Lemmas 2.1 and 3.1:

= / ' / (1+ r)ff’e*”““ﬁ1 (02 — 02—V - Y +ady) (m)1 (8 + 0, (ru) dadt.
0 R3 r r

Then we convert to spherical coordinates, cancel the factor of r~2, and expand the expression
into multiple terms:

T 00
:/ / / (1+ryPe o= (07 — 92) (ru) (O¢ + Oy) (ru) drdwdt
o Js2Jo
T 0o
—/0 /S/O (1+7r)Pe U= (V - V) (ru) (9; + ) (ru) drdwdt (11)
T oo
rPe ) (ady) (ru) (0, -) (rw) drdwdt.
+/0 /52/0 (I+7r) (ady) (ru) (0y + 0y) (ru) drdwdt
In the first term of (11), (97 — d?) can be factored.
/T/ /00(1 + )P e (92 — 02) (ru) (8¢ + 9y) (ru) dr dw dt
0o Js2Jo

= /T / /oo(l +7)P e o(t=r) (0y — 0,) (04 + 0r) (ru) (0y + O,) (ru) dr dw dt.
0 sz Jo

Then we rewrite using the chain rule relation vdv = £ d(v)?,

- % /OT /S /000(1 + )P e (9, = 0,) (0 + 0y) (ru))? dr dw dt

and integrate by parts on (9, — Or) to obtain

—1 - r)P e—ot=r) ru))? drdw|”
5 L[ aen (0 +0,) (ru)* drd]

+/T/S /°°(1+r)pefa<t7r>0/(t_r) (0 + 8) (ru))? dr duw dit
0 2.J0
_1 T r pe—a(t—r) u 2 " o

2/0 /§2(1+ ) (8¢ + 0y) (ru))” dw dt|

T o
+ g / / / L+ 7Pt (9, + 8,) (ru))” dr dw dt.
0 S22 Jo
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On the radial boundary term, we expand the squared quantity
(0 + 8,) (ru))? = u® + 2ru (0, + 0,) u + (r (9 + 0, u)?

which leaves only u(t,0)? when r = 0:
:% / / (L+r)P e~ ot=r) ((0y + 0y) (ru))2 dr dwfg (12)
sz Jo
T e8]
+ / / / (147 e 76! (t — 1) (8 + 0,) (ru))? dr dw dt (13)
o Js2Jo
1 (T
+ */ / e~ (u(t,0))? dw dt
2 0 S2

T 0
+ g / / / 1+ r)p_l e ot=") ((Or + Or) (ru))2 dr dw dt.
o Js2Jo

These terms are all positively signed, so we will move on to the second term in (11):

T 00
,/0 /S2 /0 (I+mr)? e—o(t=r) (V . V(Tu)) (0 + 0, (ru) dr dw dt.

We integrate by parts with the angular derivative, using Corollary 3.2.1,

T 0o
= / / / (14 7P e EIY (9, + ;) (ru)) - Y (ru) dr dw dt
0o Js2Jo

and then use the commutator result [W, O + 5‘4 = %V from Lemma 2.2 to obtain
T [eS)
:/ / / (L+7r)Pe ) (0 + 0,) Y(rw)) - ¥ (ru) dr dw dt
o Js2Jo
T 0o
+ / / / (1 +7)Pr~t e Y (ru) |2 drr dw dt.
o Js2Jo

We rewrite the first term using the chain rule,

T oo
:1/ / / (1 + 7’)1’ e—o(t=r) (8t + ar) |V(Tu)|2 dr dw dt
2 0 s2 Jo
T 0o
* / / / (14 r)Pr=te 2|V (ru)|? dr dw dt
0 S2 J0

then integrate by parts on (9; + 0,.). The radial boundary terms are all zero, and all terms
where the (9,40, derivative acts on e~?(*=") will be zero since (9;+9,)(t—r) = 0, resulting
in

1 o
=3 /S?/o (L+7)P e—ot=r) |W(ru)\2drdw|§
P T 00
- 5/ / / (1+7)P e |V (ru)|? drdwdt
o Js2Jo

T 0

+ / / / (1 +7)Pr~t e Y (ru) |2 drr dw dt.
o Js2Jo
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The second term is negatively signed, but it can be combined with the last term and written
in a different form.

(1+7)P _127(14—7‘)1’] _ [(1+r)p+ (_p(1+r)p+12)(1+7")p> p(l-l—r)p}

r 1+7r r 2 r . “y i1y
SO ()
_ 0y, <<1+T>P<1T(+lr+>r—)r<1+r>17>
) e (M),

This yields terms which are all positively signed, provided that p < 2, and the second term
of (11) becomes

1 oo
= / / (14 )P e ) |V (ru)|? dr dw |(7;
2 Js2 Jo

T o]
o B (1 + ,'n)p —o(t—r) 2
+ (1 2) /0 /82/0 — e |V (ru)|? dr dw dt
T [e’e) 1 pfl
+ B/ / / a+n e |V (ru)|? dr dw dt.
2 0 Sz 0 r

Now we evaluate the third term of (11), which has the damping term ad,

T oo
/ / / (14 r)Pe= " ad, (ru) (8 + 8,) (ru) drdwdt.
o JszJo

We will rewrite d; in the expanded form

1 1
O =5 (0 +0r) + 5 (0 = ),

which yields

-2 /O ' /S 2 /O T4 )P (8, 4+ 8,) (ru))? drdwd

@ ’ > ,rpe—o(t—r) _ ru ) drdew
<5 L) aen (00 — 0, (ru) (8, + ;) (ru) drdwdt.
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On the second term, we integrate by parts on (9; — 9,),

‘G/T/Sz/wum 7 (0, + 8,) (ru))? drduds

/SQ/ (1+7)Pe= 7 (ru) (0 + 0y) (ru) drdw‘g
_ 5/0 /SZ /0 (O — 0y) (1 +r)Pe (=) (9, + 0,) (ru)} (ru) drdwdt

a/T/SQ/OO(lJrr) =) (8, + 8,) (ru)” drdwdt

/g)A (14 1)Pe"C ) (ru) (8, + 8,) (ru) drduw] |
ta /0 /S /0 (14 1)Pe 0! (¢ — 1) (8, + 8,) (ru) (ru) drdwdt
Ll / ! /S / T e (9, 4+ 0,) (ru) (ru) drduwdt (14)
_a / /S 2 / (1+7)7e 70" (87 = 02) (ru) (ru) drdwdt. (15)

The second and third term of this expression are not clearly signed; we will fix this later.
First we will evaluate the term labeled by (14) by rewriting it with the chain rule, then
integrating by parts on (9; + 0,.).

T oo
p%/ / / (1 +7r)P e (9, + 0,) (ru)(ru) drdwdt
o Jsz2Jo

T 0o
5 [ ][ @ttt @ ) () drd
0 s2 Jo

:p% /S2 /0 (14 7)PLem o) ()2 drdw‘OT

T oo
erg(l - p)/ / / (14 7P 277 (ru)? drdwdt.
4 o Js2Jo

On the term labeled by (15), we put this in terms of the damped wave operator using Lemma
2.1,

(8,52 — 83) (ru) = (8,52 9P -V -V + ady) (ru) + Y - V(ru) — ady(ru)
=r(0+ad)u+V-Y(ru) — ad(ru)
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and (15) becomes

e /O ! /S 2 /O T (14 1P (1O + ad)) u) (ru) drdwdt
- ;/OT /S2 /000(1 + r)Peo(t=T) (V- Y) (ru)(ru) drdwdt

2 T [eS)
+ & / / / (14 r)Pe 7=, (ru) (ru) drdwdt.
2 Jo Js2Jo

On the second term of this we integrate by parts with the angular derivative, and on the
third term we rewrite it with the chain rule and then integrate parts on J; to obtain

T oo
=3 / / / (1+7)Pe 20 (1 (O + ady) w) (ru) drdwdt
0o Js2Jo
a T [eS)
+ 5 / / / (14 7)Pe= Y (ru) |2 drdwdt
o Js2Jo
2 )
+ az /S2 /o (14 r)Pe= o) () drdw|§
a2 T o
+ / / / (14 7)Pe =o' (t —r)(ru)? drdwdt.
o Js2Jo

Substituting the corresponding expanded pieces back into (14) and (15), then the entire
damped term is

/OT /S /Ooo(l +r)Pe=70"") (ady) (ru) (9, + 0,) (ru) drdwdt

“/T/Sz/w<
RTINS
of /2/0

s
+pg/ / (14 )P~ te= o) (1) drdwlg
SQ

1— /// P27 (pu)? drdwdt
S2

T2 /0 /S /0 (14 7)Pe =) (7(O + ady) w) (ru) drdwdt

T e’
g/ / / (14 r)Pe =Y (ru)|? drdwdt
SZ

(I+mr)? —o(t=r) (ru)2 drdw|§ (18)

5L
%/ /Sz/ (147 e~ o(t=") "(t — 7)(ru)? drdwdt. (19)

1+7)Pe ") (8, + 8,) (ru))” drdwdt
e~ (ru) (B + 0y) (ru)) drdw|] (16)
1+

rPe= g (t — 1) (9, + 9,) (ru)(ru) drdwdt — (17)
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As mentioned earlier, terms (16) and (17) are not clearly signed. To put them in a better
form, we will combine them together with other terms and then complete the square.
Term (16) is combined with (12) and (18)

%/32 /000(1 + r)Pe (=T {((at + 0,)(ru))? + a(ru) (8 + 0y) (ru)) + a;(ru)ﬂ drdw|§
= %/82 /000(1 + r)Pe o) [( ((Or + Or)(ru)) + g(ru))2 + Cf(ru)ﬂ drdw’(f,
while term (17) is combined with (13) and (19)
T oo
/ / / (14 r)Pe o' (t — )
0o Js2Jo

X {((8,5 + 0,)(ru))? + a(ru) (8 + 0y) (ru)) + Z(Tu)ﬂ drdwdt

— /OT /S2 /000(1 Fr)Pemo gl (t — 1) [( (8¢ + 0r)(ru)) + ;(m))z} drdwdt.

Now all terms, excluding those that contain the wave operator U, are clearly signed. Com-
bining all calculations back into one equality yields
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T
/ / (1+ T)Pe—a(t—T) (04 ads) u <8t + 0r + i) wdxdt
0o Jrs
a T o0
+§/ // (14 7)Pe= ) (r (O + ady) (v)) (ru) drdwdt
o JszJo
1 T
== / / e~ (u(t,0))? dw dt
2 0 S2
T o)
+9/ / / (14 1) e (9, +0,) (ru))? dr dw dt
2Jo Js2Jo
1 °° ot T
// (14 7)Pe ) Y (ru) | dr dw
sz Jo

T o] 1 P
1- B) / / / Meﬂ’(t*rnv(ruﬂz dr dw dt
2 0 S2 0 T
T o0 p—1
/ / / 7(1 +7) e_”(t_r)|y7(ru)|2 dr dw dt
o Js2Jo r

/OT /sz /000(1 +7)Pe= ) (9, + 0,) (ru))? drduwdt

+

_|_

_|_

+
=N NN /N N

5 [ [T [(@ e ontay + )+ 4] dra;
[ ] asnreregen (@ oow + )] ara
+p% /s? /000(1 + r)p_le_”(t_r) (ru)? drdw’§

2800 [ [ [T e e o

+ % /OT /S /000(1 +7)Pe” 7Y (ru) |2 drdwdt.

—0

The function e~ is bounded, so it can be removed from the integrals. The function
o'(t — r) is bounded on Xy-regions, and so we have

oyt—r)2

t—ry U

on Xy-regions. For terms containing this function, we can restrict the integral to individual
Xy regions, then take the supremum over U, yielding:
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2
//Sz u(t,0)) dwdt+H 18, + ) (r )HL2L2

N S
vt @ e, L+ @8 (@ 0 ) + S )|
ta? H<r>%u(T, -)‘ i +sup H<r>%r—1<t )t ((at +0,)(ru) + g(m))‘ ;LQ(XU)
rofo T ud ol Tl +a )9,
< |vuo|, + @5 (@ + 0 6u.) + Souo )
va [ ruo, )|+ w0
+ |y (@ + adw) [@+ 00 ru) + S )| .

Terms on the left-hand side can be easily removed, since subtracting them only decreases
the left-hand side. The first term is not helpful, so it is dropped. The fourth and fifth terms
both contain Yu, but the fourth provides a larger weight; therefore the fifth term is not
helpful and is dropped as well.

The right-hand side is an upper bound, and thus will be greater than the supremum over
time of the left side. Therefore all terms containing « (7, -) can be increased to L>°-norms.

This leaves the final term to be rewritten such that the right-hand side contains a term
with only a (04 ad;) derivative on u. The Cauchy-Schwarz inequality implies

(FPr=1(O + ady)u) [(at +,)(ru) + %(ru)} ]

Lrt

<ZH )% t—r% (O + ady)u )‘
(sl o aes Se]

L2L2(Xy)

L2L2<xu>) '

The right-hand side of this expression has a factor which looks like a term in the left-hand
side. Therefore we will “bootstrap” it by Lemma 3.3 to give the final result:
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7@ oow|, , + 5wl
valmE @ o, et (@0 06w + g(m))H;LZ

’ —|—stL1[pH<r>%r*1<t—r>*% ((at—i—&n(ru) + g(ru)ﬂ

+af o=, )¥5u,

<[ mEvu |, +]|orEr (@ + 0 a0, ) + Seru(o. )|

(gl

s

L2 L2L?

2 z 2
+atFu]

Lo L2 L2L?(Xy)

ben |12
—l—aH(r)Tzu‘

L2L2 H

L2L?

D

+a? H(r}gu(07~)) )5 D—i—aat)u)‘

ol

2
L2L2(XU)> '

L2

5 Discussion

In the case of a = 0, with no damping, we recover the original estimate from [5].

Hmp%r—l(at + (9T)(ru)H n H WUH

L2L2

+itetva

Lo L2 L2L2

i H(rﬁr‘l(@ + ar)(ru)Hme + sgp H<r>§r—1<t - 7">_%(6t + 3r)(7“u)‘ ;LZ(XU)
o

2
ot -
- L2L2(Xy)

In the case of a = 1, with damping, we will compare it to the undamped case and look
for terms in the left-hand side which have a larger power of r, which give an improved lower
bound.

For terms with the angular derivative, the damped estimate includes

Jor 9],

P 2
V.|| ,+

()i (0 + 0 (a0, )|+

L2L2

which shows improvement from
2

o5

that was present in the undamped estimate.
For terms with (9; + 9,), we see that the damped

L2L2

<T>%r*1(5‘t + aT)(Tu)’ ’

L2L2

is also better than the undamped

2

)7 7 @+ 0 )|

r2r?
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To compare terms with no derivative on u, we will do a calculation to expand the above
expression in terms of only v and not ru. We begin with the triangle inequality and use

Lemma 3.1
p—1 2 p—1 1 1 2
H<T>T(at + a’r‘)u‘ — <’l">T |:(8t + ar + ) u — u:|
L2re r r L2L2
p-1 1 2 p—1 2
S| (8t+3r+)u +H<T>Tr_1u‘
r I2L2 22
T, 4 0,)ra)|| Sk
B <7'> 2 r ( : + r)(ru)‘ Lape + H<'r> 2 ’U,‘ Lapa

2

to both sides of the inequality

. po1
By adding H(r) T lu‘L2L2

2

2 _
+ H<7’>p217’ 1u’
L2L2

[0 @1 + 9]

L2L2
2

)

< H(r}pz;lrfl(at + 3r)(7"U)H2L2L2 + H<T>p7_l7flu‘ r2re

~

the result is now in a form where Lemma 3.4 can be used on the last term:

2

[y @ a0l + e e
<= oo, |+t

The ¢ = 0 boundary term can be absorbed by other boundary terms on the right-hand side
of the main estimate. Therefore in the left-hand side we replace

2

)7 @+ 0 )|

L2L2

by
p—1 1 2

e

which allows us to more explicitly compare terms in the estimate with no derivatives on w.
Thus we see that the damped estimate contains

“<r>%‘l(at +8r)uH2

L2L2

L2L2

that was just calculated.

An aspect which does not show improvement is the constant p. Previously, p was fixed
between 0 and 2, but in the damped estimate we require p to be fixed between 0 and 1.
This causes the range of possible powers of (r) to be decreased. It is possible that another
method could recover the range of p.
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These findings are in line with our expectations, as we should predict improvement for
a damped system of waves. For the existence proofs in which these estimates are used, the
wave systems must be shown to exhibit sufficient smallness at large times and radii in order
to demonstrate that solutions exist. The purpose of the estimates is to take advantage of
wave decay in these systems to demonstrate this smallness. A damping force provides an
additional source of decay to the system, resisting the motion of the wave and decreasing
its amplitude over time. This is why we expect the presence of a damping term to improve
pre-existing estimates.

6 Acknowledgements

This work was funded by National Science Foundation grants DMS-2135998 and DMS-
2054910.

The author would like to thank Dr. Jason Metcalfe for his wonderful guidance as research
advisor for this project. The author also thanks Dr. Metcalfe, Dr. Casey Rodriguez, and
Dr. Jian Wang for serving on their undergraduate honors thesis defense committee. Finally,
the author would like to extend gratitude toward Alex Stewart, Josie Gu, and Elisa Ma for
their collaboration.

References

[1] Alinhac, S. The null condition for quasilinear wave equations in two space dimensions.
I. Invent. Math., 145(3):597-618, 2001.

[2] Dafermos, M., Rodnianski, I. A new physical-space approach to decay for the wave
equation with applications to black hole spacetimes. XVIth International Congress on
Mathematical Physics, pages 421-432. World Sci. Publ., Hackensack, NJ, 2010.

[3] Metcalfe, J., Rhoads, T. Long-time existence for systems of quasilinear wave equations.
Matematica, 2, 37-84. 2023.

[4] Metcalfe, J., Sogge, C. Long-time existence of quasilinear wave equations exterior to
star-shaped obstacles via energy methods. SIAM J. Math. Anal., 38(1):188-209. 2006.

[6] Metcalfe, J., Stewart, A. On a system of weakly null semilinear wave equations.
Anal.Math. Phys. 12, 125. 2022.

[6] Morawetz, C.S., Time decay for the nonlinear Klein-Gordon equation. Proc. R. Soc.
Lond. A 306:291-296. 1968.

[7] Sterbenz, J. Angular regularity and Strichartz estimates for the wave equation, Int.
Math. Res. Not., (4):187-231, 2005. With an appendix by Igor Rodnianski.

[8] Stewart, A. Global Existence for a System of Weakly Null Semilinear Equations. Uni-
versity of North Carolina at Chapel Hill, Undergraduate Honors Thesis. 2022.

28



